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18 THEORIES OF RAREFIED GASES
R. KOVÁCS123, D. MADJAREVIĆ4, S. SIMIĆ4 AND P. VÁN213
Abstract. Limits of classical constitutive laws such as Fourier and Navier-
Stokes equations are discovered since decades. However, the proper extensions
- generalizations of these are not evident. They differ in the underlying physical
principles and in modelling capabilities. In this paper two different theory is
discussed and compared to each other, namely the kinetic theory based Ratio-
nal Extended Thermodynamics (RET) and non-equilibrium thermodynamics
with internal variables (NET-IV).
First, the paper starts with the case of rigid heat conductors summarizing
the result achieved so far. Then a typical example for compressible bodies is
shown by presenting the first generalization for rarefied gases, called Meixner’s
theory. It is further extended using generalized entropy current in the frame-
work of NET-IV. It is shown how its structure is related to RET and how the
compatibility between them can be acquired.
1. Introduction
The simplest and most widely applied classical continuum theory is related to
isotropic fluids. They are based upon conservation laws of mass, momentum and en-
ergy, adjoined by appropriate constitutive equations for the heat flux qi, deviatoric
Π〈ij〉 and spherical Π
s part of the pressure:
qi = −λ∂iT,
Π〈ij〉 = −ν∂〈ivj〉, (1)
Πs = −µ∂ivi,
where λ is thermal conductivity, ν is shear viscosity and µ is bulk viscosity. The
summation convention of Einstein is used and 〈 〉 denotes the deviatoric part. These
equations are known as Fourier (1)1 and Navier-Stokes (1)2−3 constitutive relations.
Although widely accepted and applied in multitude of problems, there are numer-
ous thermomechanical phenomena that constitutive relations (1) are not capable to
describe properly. In the sense of modelling, either linear relations between the con-
stitutive quantities and gradients of field variables are inappropriate, or some kind
of inertia of constitutive quantities has to be taken into account. Shortcomings of
the classical model especially appear in processes under extreme thermomechanical
conditions, or when the field variables are not restricted to a small neighborhood
of local equilibrium state. These difficulties could be overcome in different ways.
Here, in order to motivate our study, an example of modelling of the heat waves in
solids will be presented.
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1.1. Motivating example: the heat waves. In the case of heat conduction, the
wave-like propagation of heat appeared as a non-Fourier phenomenon. It was first
measured by Peshkov in superfluid He4 [1]. Later on, the ballistic heat conduction
required the next level of modelling which still remains to be a theoretical challenge
[2, 3, 4, 5]. In current perspective, the most effective modelling frameworks, and at
the same time thermodynamically consistent, are based upon Rational Extended
Thermodynamics (RET) [6, 7] and non-equilibrium thermodynamics with internal
variables and current multipliers (NET-IV) [8, 9, 10]. Their application to the heat
waves modelling will be briefly described in the sequel.
In RET two different approaches to phonon gas can be taken to capture the
propagating (wave) character of heat. The first one is continuum one, exposed in
detail in [11], that describes the heat propagation using the energy conservation
law and the balance law for the heat flux:
ρe˙+ divq = 0, (2)
d
dt
(αq) +∇ν = −
ν′
κ
q,
where dot indicates the material derivative and prime indicates the derivative with
respect to temperature T ; κ(T ) is the heat conductivity and α(T ) and ν(T ) are con-
stitutive functions related to the second sound. The system of governing equations
is closed by means of the compatibility with the entropy principle. The advantage
of this model lies in its nonlinearity and wave speeds that depend on temperature.
This enables the explanation of the shape changes of the second sound profile. For
α = const., governing equations (2) can be reduced to Cattaneo equation [13] which
predicts the constant wave speed.
Another approach within RET is more closely related to the kinetic theory of
gases, and phonon gas equations are obtained as proper moment equations of the
Boltzmann-like equation for the phonon phase density function [7]. Closure of the
governing equations, although trivial in this case, is based upon maximization of
entropy. According to this approach, one has to define the way how the phonons in-
teract with each other. Thus, two particularly interesting processes are introduced.
One of them is the so called normal process, which leads to wave-like propagation,
the Maxwell-Cattaneo-Vernotte (MCV) [12, 13, 14, 15, 16] equation is obtained
in this case. The other one is the resistive process resulting in diffusive propaga-
tion where the Fourier equation holds. However, during ballistic heat conduction,
there is no interaction between phonons, it is a propagation without any interac-
tion among them, the phonons are scattered only on the boundary. The resulting
system of moment equations in one-dimensional case reads as [6, 7]:
∂te+ c
2∂xp = 0,
∂tp+
1
3
∂xe+ ∂xN = −
1
τR
p, (3)
∂tN +
4
15
c2∂xp = −
(
1
τR
+
1
τN
)
N,
where e, p and N are the moments, i.e. the energy density, momentum density
and the deviatoric part of the pressure tensor. The relaxation times τR and τN are
related to the interacting processes. The other coefficients in the system (3) are
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calculated according to the molecular structure, only the relaxation times are to be
fitted for experiments.
In NET-IV, an analogous material model, called ballistic-conductive equation,
can be derived for heat conduction using an extended entropy density and a gener-
alized entropy current density with internal variables qi and Qij [8]:
s(e, qi, Qij) = seq(e)−
m1
2
qiqi −
m2
2
QijQij , Ji = bijqj , (4)
where seq corresponds to term of local equilibrium, m1 and m2 are positive pa-
rameters. These functional assumptions characterise the deviation from local equi-
librium according to thermodynamic requirements. The heat flux is identified as
an internal variable as in Extended Irreversible Thermodynamics [21] and Qij is
interpreted as the current density of the heat flux, the dissipative pressure. In the
entropy current Ji, the bij is a current multiplier [22] allowing coupling between
different tensorial order quantities such as the heat flux qi and the pressure Qij .
This coupling stands as a requirement to appropriately describe ballistic effects [5].
That approach results in a compatible system in linearized one dimensional form:
ρ∂te+ ∂xq = 0,
τq∂tq + q + λ∂xT + κ∂xQ = 0, (5)
τQ∂tQ+Q+ κ∂xq = 0,
containing the same terms as (3), but with different coefficients. Although the
coefficients can be compared to each other, and one can make a correspondence
between them, it remains arbitrary since the coefficients in the NET-IV model are
not constrained as in RET. There is more freedom for fitting with experimental
data, but at the same time one has to deal with more parameters. This leads to
another distinction between these two approaches in the case of ballistic propaga-
tion: the NET-IV model, with properly fitted parameters, may recover the exact
propagation speed, whereas the RET model requires at least 30 moment equations
for an accurate approximation. The difference in the interpretation in the fields is
also remarkable.
All the models of heat waves presented here were tested against the experimental
results. Continuum model (2) was used to determine the critical temperature at
which the second sound in NaF and Bi was identified experimentally [17]. Kinetic-
theory-based model (3) was used for numerical simulations which recover three
different modes—the ballistic phonons, the second sound and the diffusive regime
[6]. Finally the NET-IV model (5) is successfully tested on reconstructing the NaF
experiments [9].
1.2. Aim and outline of the paper. The kinetic picture of ballistic propagation
suggests the same behaviour in rarefied gases, too. The only difference is the type of
the gas, instead of phonons we have real molecules like normal hydrogen. This fact
is exploited in the framework of NET-IV when the coupled system of Fourier and
Navier-Stokes equations is generalized. That is, the same form of entropy density
and entropy current is applied, but the mass density ρ is considered as a variable
now. The goal of the extension of classical material laws is to study the irreversible
processes that are coupled to the propagation of sound, especially close to a shock
wave in rarefied gases. To that end, RET of polyatomic gases [23] and NET-IV
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[10, 8] seem to be proper counterparts aimed to describe the same class of physical
phenomena.
In this work we compare these two theories with the aim to find common theo-
retical background for them. This goal is going to be reached by seeking the answer
to the following questions:
(1) How do we construct the system of governing (balance) equations?
(2) How do we close the governing system?
(3) How do we determine the material parameters (constitutive quantities)?
(4) Under what circumstances we obtain the equivalent systems?
Although formal in their nature, these questions will help us to reveal the common
ground and better understand the conceptual subtleties of the two approaches. To
that end, the paper will be organized aas follows. In Section 2, the comparative
analysis of the Meixner theory, first extension of Navier-Stokes-Fourier (NSF) sys-
tem, will be performed from the point of view of NET-IV and RET. Then, in Section
3 we move forward using the generalized entropy current density, together with the
internal variables, to derive the generalized Navier-Stokes-Fourier equations. Sub-
sequent Section 4, the 14 moments RET model of polyatomic gases is presented
in the form amenable to comparison with NET-IV approach given in Section 3. A
discussion about similarities and discrepancies of two approaches in the sense of
governing equations, concepts and procedures is given in Section 5.
2. Meixner theory: precursor for generalized theories
In this Section we shall make a first step towards comparison of different theories
of rarefied gases. Our aim is to compare the Meixner model, the simplest model
of non-equilibrium processes that can be derived within the framework of internal
variables theory, with the extended thermodynamic model with 6 fields (ET6) which
takes into account only the dynamic pressure as non-equilibrium variable.
2.1. Internal variables—the Meixner model. In the following, the Meixner
model with single internal variable will be presented. Appropriate background can
be found in [24, 25]. The starting point is the usual set of conservation laws of
mass, momentum and energy:
ρ˙+ ρ∂ivi = 0,
ρv˙i + ∂jPij = 0i, (6)
ρe˙+ ∂iqi + Pij∂ivj = 0.
In (6) e is the specific internal energy, Pij is the pressure tensor and qi is the heat
flux. Pij and qi can be regarded as non-convective (conductive) parts of momentum
and energy flux, respectively. We shall assume that pressure tensor has the following
representation:
Pij = Πij + pδij ; Πij = Π〈ij〉 +Πδij , Π =
1
3
Πkk, (7)
where p is the hydrostatic pressure, Π〈ij〉 is the traceless deviatoric part of the
viscous stress tensor and Π is the dynamic pressure (δij is the Kronecker symbol).
Meixner’s theory characterises the deviation from local equilibrium by a scalar
internal variable. The entropy density is additively decomposed into an equilibrium
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part and an internal variable dependent non-equilibrium part:
s(e, ρ, ξ) = seq(e, ρ)−
m1
2
ξ2. (8)
It is assumed that equilibrium entropy density obeys the classical Gibbs relation:
Tdseq = de−
p
ρ2
dρ. (9)
Crucial step in the analysis is exploitation of the entropy balance law, ρs˙+ ∂iJi =
σs ≥ 0, with classical entropy current Ji = qi/T :
σs = ρs˙+ ∂iJi = ρ
(
s˙eq −m1ξξ˙
)
+ qi∂i
(
1
T
)
+
1
T
∂iqi.
Taking into account Gibbs relation (9) and conservation laws (6)1 and (6)3, after
straightforward calculation one arrives at:
σs = −
1
T
Πij∂ivj + qi∂i
(
1
T
)
− ρm1ξξ˙ ≥ 0. (10)
Final form of the entropy production rate σs is obtained when the viscous stresses
are decomposed as in (7), as well as the velocity gradient, ∂ivj = ∂〈ivj〉 + ∂kvkδij :
σs = −
1
T
Π〈ij〉∂〈ivj〉 −
1
T
Π∂kvk + qi∂i
(
1
T
)
− ρm1ξξ˙ ≥ 0. (11)
Following the standard procedure, thermodynamic fluxes and forces are introduced
[26, 27, 28], given in Table 1:
Fluid—traceless Fluid—spherical Thermal Internal
Fluxes Π〈ij〉 Π qi ρξ˙
Forces − 1
T
∂〈ivj〉 −
1
T
∂kvk ∂i
(
1
T
)
−m1ξ
Table 1. Thermodynamic fluxes and forces
To guarantee the non-negative entropy production rate σs in every thermody-
namic process, proper linear relations between forces and fluxes are established,
taking into account possible cross-effects between the terms of the same tensorial
order:
Π〈ij〉 = −
µ
T
∂〈ivj〉,
qi = λ∂i
(
1
T
)
, (12)
ρξ˙ = −l11m1ξ −
l12
T
∂kvk,
Π = −l21m1ξ −
l22
T
∂kvk.
First two relations represent the classical constitutive relations of Navier-Stokes-
Fourier theory, the third one determines the evolution of the internal variable and
the last is a constitutive relation for dynamic pressure. Also, from (12)4 one may
observe the physical interpretation of internal variable ξ—it is a linear combination
of dynamic pressure Π and divergence of velocity (divided by temperature). In the
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special case, l22 = 0, we have Π = −l21m1ξ and ξ is directly related to dynamic
pressure.
Due to scalar character of internal variable and linear relations between forces
and fluxes in (12)3−4, it is possible to eliminate ξ and obtain a single constitutive
relation of the rate type for dynamic pressure Π. Therefore, the final set of equations
for rarefied gases, obtained by means of single internal variable, reads:
ρ˙+ ρ∂ivi = 0,
ρv˙i + ∂jPij = 0i,
ρe˙+ ∂iqi + Pij∂ivj = 0 (13)
ρΠ˙ + l11m1Π = −(l11l22 − l12l21)m1
∂kvk
T
− l22ρ
d
dt
(
∂kvk
T
)
Π〈ij〉 = −
µ
T
∂〈ivj〉,
qi = λ∂i
(
1
T
)
,
where (7) has to be taken into account.
2.2. Extended thermodynamics with 6 fields. Within the realm of RET of
polyatomic gases [23], the theory with 6 fields (ET6) is the simplest possible theory
that captures non-equilibrium effects [36]. It contains only one non-equilibrium
variable—the dynamic pressure Π. Its development was fostered by two facts:
first, experimental evidence shows that in polyatomic gases dynamic pressure has
greater influence than shear stresses and heat flux (see [38]); second, it can be easily
compared with the simplest version of Meixner’s theory [39]. In this Section it will
be presented only in the simplest possible form, without the details of its derivation.
The governing equations of ET6 have the following form:
ρ˙+ ρ∂kvk = 0,
ρv˙i + ∂i(p+Π) = 0i, (14)
ρe˙+ (p+Π)∂kvk = 0
d
dt
[
p+Π
ρ
−
2
3
e
]
= −
1
τ
Π
ρ
,
where we assumed linearized form of the source term in (14)4. In general case, ET6
theory is peculiar extended theory which admits the possibility of non-linear closure
[39]. However, for the purpose of comparison with internal variables approach it is
sufficient to keep only the linear approximation. Entropy density and entropy flux
are:
s = seq −
Ψ(ρ, e)
ρ
Π2, Ji = 0i, (15)
whereas the entropy balance law reads:
d
dt
[
seq −
Ψ(ρ, e)
ρ
Π2
]
=
2Ψ
ρτ
Π2. (16)
2.3. Comparison of IV with ET6. The aim of this part of our study is to com-
pare the equations (13) of internal variables approach with ET6 equations (14). It
is obvious that the model (13) contains more field variables than (14). It consists
of conservation laws of mass, momentum and energy, and constitutive relations for
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dynamic pressure Π, pressure deviator Π〈ij〉 and heat flux qi. The only non-classical
part of the model is equation (13)4. It came out as a consequence of the second
law of thermodynamics, but has the form of the balance law rather than classical
constitutive relation. On the other hand, ET6 model comprises the same conser-
vation laws, but only one additional equation—balance law for dynamic pressure
Π. Pressure deviator and heat flux are neglected. Moreover, formal procedure of
RET assumes from the outset the form of balance laws for all the state variables—
Π belongs to this set. Compatibility with entropy inequality yields the form of
the unknown non-convective fluxes and the source terms. This will be thoroughly
discussed in Section 4.
At this level of approximation, the internal variable approach yields the system
which is inherently parabolic. Not only because of the constitutive relations (13)5−6,
but the balance law (13)4 as well, since it contains the material derivative of ∂kvk/T
which brings second order derivatives. On the other hand, ET6 model (14) is
hyperbolic by construction.
To be comparable with ET6 model, it is necessary to reduce the number of field
variables in the internal variable model (13) by neglecting the pressure deviator,
i.e. Pij = (p+Π)δij , Π = (1/3)Πii, and the heat flux by taking µ = 0, λ = 0. Also
one must assume l22 = 0, which altogether leads to the following reduced system:
ρ˙+ ρ∂ivi = 0,
ρv˙i + ∂i(p+Π) = 0i, (17)
ρe˙+ (p+Π)∂ivi = 0
ρ
l11m1
Π˙ + Π =
1
T
l12l21
l11
∂kvk.
On the other hand, equation (14)4 has to be adapted by using the ideal gas equations
of state, e = p/ρ(γ − 1), and taking into account the conservation laws for mass
and energy. After certain straightforward calculations, the resulting system reads:
ρ˙+ ρ∂kvk = 0,
ρv˙i + ∂i(p+Π) = 0i, (18)
ρe˙+ (p+Π)∂kvk = 0
τΠ˙ + τ
[
Π−
(
γ −
5
3
)
(p+Π)
]
∂kvk = −Π.
Comparison of the reduced IV-Meixner model (17) with ET6 model (18) yields the
following equivalence conditions:
τΠ :=
ρ
l11m1
= τ ;
1
T
l12l21
l11
= τ
[
Π−
(
γ −
5
3
)
(p+Π)
]
; µ = 0; λ = 0. (19)
Further comparison of IV and RET approach to rarefied gases will be postponed
until more refined theories are developed in the next two Sections.
3. NET-IV: generalized Navier-Stokes-Fourier equations
As it is demonstrated, the extension of entropy density itself is not enough to
obtain coupling between the heat flux and the pressure tensor. However, the Nyíri-
multipliers [22] open further possibilities within a generalized entropy current. Let
us choose the same set of extension of the state space together with the identification
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Qij = Πij , that is the internal variable is identified as the viscous pressure. This
is the usual assumption in theories of Extended Thermodynamics, a consequence
of the compatibility with kinetic theory [6, 21]. Then the most general form of the
entropy production for isotropic materials is
s(e, ρ, qi,Πij) = se(e, ρ)−
m1
2
qiqi −
m2
2
Π〈ij〉Π〈ij〉 −
m3
6
ΠiiΠjj , (20)
where the spherical and deviatoric parts are distinguished, m1, m2 and m3 are
strictly positive parameters. This is not a Taylor series expansion, but a conse-
quence of Morse lemma, as long as the internal variables are abstract fields that
characterize the deviation from local equilibrium [28, 18]. The entropy current is
generalized as:
Ji = (b〈ij〉 + bkkδij/3)qj, (21)
where the current multiplier, bij = b〈ij〉 + bkkδij/3, is splited to deviatoric and
spherical parts, too. Then one can calculate the entropy production, considering
the usual Gibbs relation for the equilibrium specific entropy, de = Tds+ p
ρ2
dρ:
σs = ρs˙+ ∂iJi =
= ρ
(
∂ese˙+ ∂ρsρ˙+ ∂qisq˙i + ∂Π〈ij〉sΠ˙〈ij〉 + ∂ΠiisΠ˙ii
)
+ ∂i
[
(b〈ij〉 +
1
3
bkkδij)qj
]
=
= ∂iqi
(
bkk
3
−
1
T
)
+ qi
(
∂i
bkk
3
+ ∂kb〈ki〉 − ρm1q˙i
)
+ b〈ij〉∂iqj−
−
Πii
3
(
1
T
∂jvj + ρm3Π˙jj
)
−Π〈ij〉
(
1
T
∂ivj + ρm2Π˙〈ij〉
)
≥ 0. (22)
Assuming linear relations between thermodynamic fluxes and forces one realizes
coupling between the quantities of same tensorial order in the case of isotropic
materials, too:
−ρm1q˙i +
1
3
∂ibkk + ∂jb〈ji〉 = nqi, (23)
−
1
T
∂〈ivj〉 − ρm2Π˙〈ij〉 = l11Π〈ij〉 + l12∂〈iqj〉, (24)
b〈ij〉 = l21Π〈ij〉 + l22∂〈iqj〉, (25)
−
1
T
∂jvj − ρm3Π˙ii = k11
Πii
3
+ k12∂iqi, (26)
bkk −
1
T
= k21
Πii
3
+ k22∂iqi. (27)
Here isotropy is interpreted in a restricted sense, including spatial reflections
[19]. It is also remarkable, that we did not assume any symmetry of the reciprocity
relations. A similar assumption turned out to be extremely fruitful in the case of
internal variables [10]. The positive definiteness of entropy production constraints
the sign of the coefficients:
n > 0, l11l22 − (l12 + l21)
2/4 > 0, k11k22 − (k12 + k21)
2/4 > 0. (28)
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Let us assume constant coefficients, that is a strictly linear theory, and eliminate
the current multipliers to obtain the constitutive relations:
τ1q˙i + qi + λ∂iT − α21∂iΠkk − β21∂iΠ〈ij〉 = γ1∂i (∂kqk) + γ2∂j
(
∂〈jqi〉
)
,
τ2Π˙〈ij〉 +Π〈ij〉 + ν∂〈ivj〉 + β12∂〈iqj〉 = 0, (29)
τ3Π˙ii +Πii + η∂ivi + α12∂iqi = 0,
Coefficients have the following meaning: τm (m = 1, 2, 3) are the relaxation times,
λ is the heat conductivity, η is the bulk viscosity, ν denotes the shear viscosity, αab,
βab (a, b = 1, 2) are the coupling parameters between the heat flux and the pressure
and γc (c = 1, 2) are the coefficients of second order terms. These coefficients are
built as follows:
τ1 =
ρm1
n
, τ2 =
ρm2
l11
, τ3 =
3ρm3
k11
,
λ =
1
3nT 2
, ν =
1
T l11
, η =
3
Tk11
,
α12 =
3k12
k11
α21 =
k21
9n
, β12 =
l12
l11
, β21 =
l21
n
,
γ1 =
k22
3n
, γ2 =
l22
n
.
The system (29) is parabolic due to second order contributions in (29)1. In order
to obtain the compatibility with RET, whose equations are hyperbolic by construc-
tion, let us consider the case γ1 = γ2 = 0, i.e. l22 = k22 = 0. Its consequence is
that the reciprocity is antisymmetric l12 = −l21 and k12 = −k21. This way, one
can simplify the resulting parabolic system to a hyperbolic one:
τ1q˙i + qi + λ∂iT − α21∂iΠkk − β21∂iΠ〈ij〉 = 0,
τ2Π˙〈ij〉 +Π〈ij〉 + ν∂〈ivj〉 + β12∂〈iqj〉 = 0, (30)
τ3Π˙ii +Πii + η∂ivi + α12∂iqi = 0,
and in 1D:
τ1q˙ + q + λ∂xT − α21∂xΠs − β21∂xΠd = 0,
τ2Π˙d +Πd + ν∂xv + β12∂xq = 0, (31)
τ3Π˙s +Πs + η∂xv + α12∂xq = 0,
where the lower indices d and s denote the deviatoric and spherical parts, respec-
tively.
Thermal Fluid—traceless Fluid—spherical
Fluxes qi Π〈ij〉 Πii
Forces −ρm1q˙j + ∂jbkk + ∂ib〈ij〉
1
T
∂ivj + ρm2Π˙〈ij〉
1
T
∂jvj + ρm3Π˙jj
Table 2. Thermodynamic fluxes and forces of NET-IV I.
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Entropical coupling - traceless Entropical coupling - spherical
Fluxes b〈ij〉 bkk −
1
T
Forces ∂〈iqj〉 ∂iqi
Table 3. Thermodynamic fluxes and forces of NET-IV II.
4. The 14 moments model of Rational Extended Thermodynamics
Rational extended thermodynamics of polyatomic gases with 14 moments [40, 23]
presents a different route to description of viscous, heat-conducting gases. It fits
within the general framework of RET, to be described briefly in the sequel, and
inherits the basic principles of modern continuum theories.
4.1. Formal structure of RET. There are four basic principles in this approach
[6]:
(a) governing equations are of balance type;
(b) constitutive relations are of local type;
(c) governing equations are invariant with respect to Galilean transformations;
(d) governing equations are compatible with the entropy inequality with convex
entropy.
Assumptions (a) and (b) are the specific mathematical requirements introduced
with the aim to obtain the system of governing equations in the form of hyperbolic
system of balance laws. Moreover, they allow the existence of weak solutions and
shocks. Assumptions (c) and (d) are basic physical requirements, fully consistent
with modern continuum theories. In the sequel, the basic structure of RET will be
described following [6].
Since the equations of RET have the structure of balance laws, they can be recast
into the following form:
∂tF
0(u) + ∂iF
i(u) = f(u), i = 1, 2, 3. (32)
In (32) u ∈ RN denotes the vector of state variables, F0(u) ∈ RN is the vector of
densities1, Fi(u) ∈ RN are the components of fluxes, and f(u) ∈ RN is the vector of
source (production) terms. Certain components of F0(u) and Fi(u) are determined
by the physical laws, but some of the fluxes are constitutive quantities, as well as
the source terms f(u). Since the dependence of the densities and fluxes on u is of
local type (in accordance with assumption (b)), the system turns into a quasi-linear
system of PDE’s:
A0(u)∂tu+A
i(u)∂iu = f(u), (33)
whereA0 = ∂F0/∂u andAi = ∂Fi/∂u. If all the eigenvalues λ(u) of the eigenvalue
problem (λA0 + niA
i)d = λd are real, where ni are the components of the unit-
normal vector, the system (33) is hyperbolic in t−direction.
For any thermodynamic process described by (32), in accordance with assump-
tion (d) the state variables u must satisfy the entropy inequality:
∂th
0(u) + ∂ih
i(u) = Σ(u) ≥ 0, (34)
1It is quite common to adopt F0(u) ≡ u.
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where h0 is the entropy density, hi are the components of the entropy flux, and Σ is
the entropy production rate. Due to local dependence, the entropy inequality can
be put into quasi-linear form:
∂h0
∂u
∂tu+
∂hi
∂u
∂iu = Σ(u). (35)
The entropy principle states [49] that for any thermodynamic process the state
variables u must obey the entropy law (34), provided they satisfy the balance laws
(32). In other words, the balance laws are regarded as constraints. Since both the
balance laws (33) and the entropy law (35) are quasi-linear with respect to u, the
problem with constraints can be transformed into a problem without constraints at
the expense of introduction of the Lagrange multipliers u′ ∈ RN :
∂th
0 + ∂ih
i − Σ = u′ ·
(
∂tF
0 + ∂iF
i − f
)
. (36)
As a consequence, the following relations must hold:
dh0 = u′ · dF0, dhi = u′ · dFi, (37)
or equivalently:
∂h0
∂u
= u′ ·
∂F0
∂u
,
∂hi
∂u
= u′ ·
∂Fi
∂u
. (38)
Moreover, the residual inequality has to be satisfied as well:
Σ = u′ · f ≥ 0. (39)
Equations (36)-(39) require some comments. Since certain components of the
fluxes are constitutive quantities, equations (38) can serve for determination of the
multipliers u′, as well as constitutive components fluxes. Moreover, one of the lega-
cies of RET is the assumption that entropy flux hi is not necessarily proportional
to the heat flux, i.e. it is not defined as hi = qi/T . Instead, it is treated as a
constitutive quantity, which brings certain freedom in its derivation. Finally, once
the multipliers u′ are determined, one may choose the source terms f(u) in such a
way that the residual inequality (39) is satisfied for all thermodynamic processes.
Although this statement introduces the flavor of arbitrariness, it is usually reduced
to the similar arguments as those used in classical TIP, or as in NET-IV in previous
Section. Namely, the components of the source terms f are chosen as linear forms
of u′ (in the appropriate way which takes into account their tensorial order), so
that Σ becomes quadratic form in u′.
Another property of the method of multipliers—the possibility to transform the
system (32) into symmetric hyperbolic form—is substantial for the mathematical
analysis, but it will not be studied here. The details, including an account on its
historical development, may be found in [23] (pp. 39–40).
4.2. Hierarchical structure of governing equations. One of the basic prop-
erties of the governing equations of RET is that they have a hierarchical structure
with an increasing tensorial order of densities, fluxes and production terms. The
equations for monatomic gas can be put into a single hierarchy:
∂tFk1···kn + ∂iFk1···kni = Pk1···kn . (40)
The system (40) is fully compatible with Grad’s moment equations obtained in
the kinetic theory of gases [34]. However, in contrast to Grad’s approach which is
relied on approximation of non-equilibrium distribution function, closure procedure
12 R. KOVÁCS123, D. MADJAREVIĆ4, S. SIMIĆ4 AND P. VÁN213
in RET is purely macroscopic and relies on the application of entropy principle and
exploitation of the Liu’s method of multipliers [49].
The hierarchical structure (with the assumption of convex entropy density) fa-
cilitated introduction of the concept of subsystems [50] with nice structural proper-
ties. For example, Lagrange multipliers used in exploitation of the entropy principle
could be used as new state variables, so-called main field2 [51], and the system is
transformed into a symmetric hyperbolic form.
To the abstract form of equations (40) one may adjoin the proper physical in-
terpretation, at least at the level of 13 moments. In this case the equations have
the following form:
∂tF + ∂iFi = 0,
∂tFk + ∂iFki = 0,
∂tFkk + ∂iFkki = 0, (41)
∂tFk1k2 + ∂iFk1k2i = Pk1k2 ,
∂tFkkj + ∂iFkkji = Pkkj .
The densities can be written in usual physical notation:
F0 =


F
Fk
Fkk
Fij
Fkkj


=


ρ
ρvk
ρv2 + 2ρe
ρvivj + pδij +Π〈ij〉
ρv2vj + 2(ρe+ p)vj +Π〈kj〉vk + 2qj


, (42)
where 〈··〉 denotes the traceless part of the tensor.
Two remarks have to be given. First, the system (41) can be split into conser-
vative part, consisted of conservation laws of mass, momentum and energy, and
non-conservative part, consisted of balance laws for the fluxes of momentum and
energy, i.e. the pressure tensor Π〈ij〉 and the heat flux qi. Actually, conservation
laws (41)1−3, with Π〈ij〉 = 0 and qi = 0, represent an equilibrium subsystem in the
sense defined in [50]. Thus, the balance laws (41)4−5 are supposed to capture the
non-equilibrium effects and bring the dissipation into the system. Dissipative char-
acter is preserved by the fact that the source terms Pk1k2 and Pkkj are determined
through the compatibility with residual inequality (39), i.e. they are responsible
for the non-negativity of the entropy production rate.
Second remark is concerned with the restriction that naturally appears in the
hierarchical structure of equations (40), in which the fluxes in the moment equation
of tensorial order k become the densities in the moment equation of tensorial order
k+1. Since Fkk is the trace of the density Fij , there exists the constraint among the
state variables, 2ρe = 3p, which restricts the application of the model to monatomic
gases. There were several attempts to derive the equations for 14 moments, with
intention to capture the behaviour of polyatomic gases. A brief review of these
attempts may be found in [23] (pp. 109–110).
Recently [40], a natural and physically convincing hierarchical structure of equa-
tions for dense and polyatomic gases was discovered. Main feature of this system is
2In mathematical community these state variables are often called entropic variables.
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that a single-hierarchy structure of (40) is replaced with double-hierarchy structure,
which in the case of 14 moments reads:
∂tF + ∂kFk = 0,
∂tFi + ∂kFik = 0,
∂tFij + ∂kFijk = Pij , ∂tGll + ∂kGllk = 0, (43)
∂tGlli + ∂kGllik = Qlli,
where the densities have the following physical interpretation:
F = ρ,
Fi = ρvi,
Fij = ρvivj + (p+Π)δij +Π〈ij〉, Gll = ρv
2 + 2ρe,
Glli = ρv
2vi + 2(ρe+ p+Π)vi
+ 2Π〈ki〉vk + 2qi.
The main feature of hierarchy (43) is lack of relation between energy density and
momentum flux, Gll 6= Fkk, i.e. 2ρe 6= 3p. Thus, dynamic pressure Π naturally
appears as fourteenth state variable. It is convenient to identify the F -hierarchy
as the momentum hierarchy and G-hierarchy as the energy hierarchy, according to
leading non-zero order moments that appear in them.
As it was mentioned above, the hierarchical structure of RET equations for
monatomic gases is compatible with Grad’s moment equations. The case of poly-
atomic gases more delicate due to internal degrees of freedom of molecules. Nev-
ertheless, it was shown [41] that double hierarchy (43) can be recovered within the
framework of kinetic theory (by the application of maximum entropy principle) with
a single scalar variable capturing all the internal degrees of freedom (for the origin
of this approach one have to consult [45, 46]). This result was further developed in
[47] and summarized in [23].
4.3. Constitutive relations near equilibrium. Except in rare situations, clo-
sure problem in RET cannot be generally solved. Its solution is usually restricted
to a neighborhood of local equilibrium state. Since the constitutive relations are
determined by the application of entropy principle, it is common to assume the
following general form of entropy density and entropy flux:
h0 = ρs = ρseq + ρk, h
i = h0vi + J
i (44)
where seq(ρ, e) is the specific entropy in equilibrium; k(ρ, e,Π,Π〈ij〉, qi) is the non-
equilibrium part of the entropy density, and J i(ρ, e,Π,Π〈ij〉, qi) is the non-convective
part of the entropy flux; they both must obey the equilibrium conditions, k(ρ, e, 0, 0〈ij〉, 0i) =
0, J i(ρ, e, 0, 0〈ij〉, 0i) = 0
i. It is shown [40, 23] that in the case of 14 moments
equations Lagrange multipliers are completely determined by the non-equilibrium
specific entropy density k. The results of these detailed studies, that can be of use
in comparison of ET with the method of internal variables, will be summarized in
the sequel.
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The approximate form (up to second order in non-equilibrium variables) of the
entropy density and entropy flux reads:
h0 = ρseq −
1
2TΓ
Π2 −
1
4ρT
Π〈ij〉Π〈ij〉 + ρz3qiqi +O(3), (45)
Jk =
1
T
qk − β2Πqk − β3qiΠ〈ik〉 +O(3),
where:
Γ =
5
3
p− ρpρ −
p
ρ
pε =
5
3
p− ρ
(
∂p
∂ρ
)
s
, (46)
and O(N) denotes the lowest order non-equilibrium terms that are neglected. Con-
vexity arguments yield the following inequalities:
Γ > 0, z3 < 0. (47)
The source terms are expressed as linear forms of non-equilibrium variables:
Pˆll =
3
τΠ
Π+O(2), Pˆ〈ij〉 = −
1
τS
Π〈ij〉 +O(2), Qˆlli = −
2
τq
qi +O(2). (48)
Using the source terms (48) and Lagrange multipliers up to first order in non-
equilibrium variables, the entropy production rate becomes:
Σ =
1
TΓτΠ
Π2 +
1
2pT τS
Π〈ij〉Π〈ij〉 −
2ρz3
τq
qiqi ≥ 0 (49)
whose definiteness is secured by the following inequalities:
TΓτΠ > 0, pT τS > 0,
τq
z3
< 0,
They eventually impose the constraints on the relaxation times:
τΠ > 0, τS > 0, τq > 0. (50)
Finally, the unknown non-convective fluxes have the following form:
Fˆijk =
3
2
f2q(iδjk) +O(2) ⇔
⇔ Fˆllk =
5
2
f2qk +O(2), Fˆ〈ij〉k = f2q〈iδj〉k +O(2) (51)
Gˆllij = g1δij − g2Πδij + g3Π〈ij〉 +O(2),
One important feature of RET approach to 14 moments equations must be em-
phasized: all the functions kl, βm, fn and gr are expressed in terms of the state
variables, i.e. they are determined once the thermal and caloric equations of state
are fixed (see pp. 120–123 in [23]). Only the relaxation times (50) remain unde-
termined. However, their values may be estimated using more refined theories like
kinetic theory of gases (see [42]) or experimental data [48], since they are related to
transport coefficients, i.e. viscosities and heat conductivity (see Eq. (5.62) in [23]).
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4.4. 14 moments equations (ET14). Once the constitutive relations are deter-
mined, and the closure problem is resolved in accordance with the principles of
ET, the complete set of governing (field) equations can be written. Although the
field equations (43) are given in conservative form, for the purpose of comparison
with generalized NSF equations we shall give them in the sequel in material form.
The F -hierarchy consists of the conservation laws of mass and momentum, and the
balance laws (evolution equations) for the dynamic pressure Π and the deviatoric
part of the pressure tensor Π〈ij〉 are:
ρ˙+ ρ∂kvk = 0,
ρv˙i + ∂j
[
(p+Π)δij +Π〈ij〉
]
= 0i,
Π˙ +
[
Γ +
(
5
3
−
1
ρcv
(
∂p
∂T
)
ρ
)
Π
]
∂kvk +
(
2
3
−
1
ρcv
(
∂p
∂T
)
ρ
)
Π〈jk〉∂kvj (52)
+
5
6
qk∂kf2 +
(
5
6
f2 −
1
ρcv
(
∂p
∂T
)
ρ
)
∂kqk = −
1
τΠ
Π,
Π˙〈ij〉 +Π〈ij〉∂kvk + 2Π〈k〈i〉∂kvj〉 + 2(p+Π)∂〈jvi〉
+ q〈i∂j〉f2 + f2∂〈jqi〉 = −
1
τS
Π〈ij〉.
The G-hierarchy consists of the conservation law of energy, and the balance law
(evolution equation) for the heat flux qi:
ρe˙++
[
(p+Π)δij +Π〈ij〉
]
∂ivj + ∂iqi = 0,
q˙i +
(
1 +
f2
2
)
qi∂kvk +
(
1 +
f2
2
)
qk∂kvi +
f2
2
qk∂ivk
−
{[
1
ρ
(
∂p
∂ρ
)
T
−
1
2
(
∂g2
∂ρ
)
T
]
Πδik +
[
1
ρ
(
∂p
∂ρ
)
T
−
1
2
(
∂g3
∂ρ
)
T
]
Π〈ik〉
}
∂kρ
−
{
1
2T 2ρz3
+
[
1
ρ
(
∂p
∂T
)
ρ
−
1
2
(
∂g2
∂T
)
ρ
]
Πδik (53)
+
[
1
ρ
(
∂p
∂T
)
ρ
−
1
2
(
∂g3
∂T
)
ρ
]
Π〈ik〉
}
∂kT
−
{(
e−
p
ρ
−
1
2
g2 +
Π
ρ
)
δik +
1
ρ
Π〈ik〉
}
∂kΠ
−
{(
e−
p
ρ
−
1
2
g3 −
Π
ρ
)
δij +
1
ρ
Π〈ij〉
}
∂kΠ〈jk〉 = −
1
τq
qi.
Our aim is to compare ET14 field equations with generalized NSF equations
obtained in Section 3. However, their structure is substantially different. The
differential part of ET14 equations is quasi-linear, whereas the constitutive equa-
tions of NET-IV model have linear differential part with constant coefficients. To
facilitate the comparison, we shall linearize the balance laws of ET14 model in
the neighborhood of stationary equilibrium state u(0) = (ρ(0), v
(0)
i , T
(0), 0, 0ij, 0i) =
const. Field variables will be regarded as perturbations of the equilibrium state,
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u = (ρ(0) + ρ, v
(0)
i + vi, T
(0) + T,Π,Π〈ij〉, qi). Linearized balance laws then read:
q˙i −
1
2(T (0))2ρ(0)z
(0)
3
∂kT −
(
e−
p
ρ
−
1
2
g2
)(0)
∂iΠ
−
(
e−
p
ρ
−
1
2
g3
)(0)
∂kΠ〈ik〉 = −
1
τq
qi.
Π˙〈ij〉 + 2p
(0)∂〈jvi〉 + f
(0)
2 ∂〈jqi〉 = −
1
τS
Π〈ij〉, (54)
Π˙ + Γ(0)∂kvk +
(
5
6
f2 −
1
ρcv
(
∂p
∂T
)
ρ
)(0)
∂iqi = −
1
τΠ
Π.
We did not linearize the conservation laws since they are completely equivalent.
Note that we ordered linearized balance laws (54) in the same way as in (30) for
the sake of easier comparison.
5. Comparison and summary
In this Section we shall compare the equations, the procedure of their derivation
and the underlying assumptions of two approaches in the modeling of rarefied gases.
First, the governing equations will be compared at formal level. After that, two
approaches will be compared for the concepts and procedures used in the study of
non-equilibrium rarefied gases.
5.1. Comparison of the governing equations. Governing equations of NET-
IV model consist of conservation laws of mass, momentum and energy (13)1−3 and
constitutive relations (30). The latter have the form of balance laws describing the
time rate of change of heat flux qi, pressure deviator Π〈ij〉 and dynamic pressure
Πii. On the other hand, ET14 model is structured in two hierarchies. F−hierarchy
(52) consists of the conservation laws mass and momentum, and the balance laws
for dynamic pressure Π = (1/3)Πii and stress deviator Π〈ij〉. G−hierarchy (53)
consists of the conservation law of energy and the balance law for heat flux qi.
Conservation laws in both models are completely equivalent. The difference
appears in the structure of balance laws. NET-IV balance laws (29) are linear
by construction, while balance laws in ET14 model are quasi-linear, with state
dependent coefficients. Balance laws have different structure for other reasons as
well:
(a) balance law (29)1 contains second order parabolic terms on the right hand
side which are not present in (53)2;
(b) balance law (53)2 is coupled with velocity gradient field through ∂kvk and
∂kvi, and with density gradient field ∂kρ; none of them is present in (29)1
(c) balance law (52)4 has rather complex coupling with other fields; e.g. it is
explicitly coupled with divergence of velocity ∂kvk, whereas coupling with
gradients of ρ and T comes due to ∂jf2; none of these terms is present in
(29)2;
(d) finally, balance law (52)3 is coupled with deviatoric part of velocity gradient
∂kvj , as well as gradients of ρ and T due to ∂jf2, while they do not appear
in (29)3.
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We would like to find, if possible, the common ground for NET-IV and ET14
models. To that end the following simplifications are needed:
(1) balance laws (29) of NET-IV model have to be reduced to hyperbolic form;
therefore, it has to be assumed γ1 = γ2 = 0 which reduces the system to
(30);
(2) balance laws of ET14 model have to be linearized; linearization in the
neighborhood of constant equilibrium state leads the balance laws in the
form (54).
Simple comparison of the reduced systems of balance laws leads to the following
identification of the coefficients:
τ1 = τq, τ2 = τS , τ3 = τΠ,
λ = −
τq
2(T (0))2ρ(0)z
(0)
3
, ν = 2p(0)τS , η = 3Γ
(0)τΠ,
α12 = 3
(
5
6
f2 −
1
ρcv
(
∂p
∂T
)
ρ
)(0)
τΠ, α21 = −
τq
3
(
e−
p
ρ
−
1
2
g2
)(0)
, (55)
β12 = f
(0)
2 τS , β21 = τq
(
e−
p
ρ
−
1
2
g3
)(0)
.
Note that this comparison leads to equivalent results for transport coefficients as
thermodynamic limit analysis in RET [40, 23].
Comparative analysis given above revealed common points of the models, as
well as their differences. However, this kind of analysis could be extended in the
way which put Meixner theory into common perspective with NET-IV and ET14
models. It was already shown in Section 2 that IV-Meixner model (13) can be
reduced to form (17) compatible with (18) by neglecting pressure deviator (µ = 0)
and heat flux (λ = 0). On the other hand, it is common procedure in RET [52, 23]
to study classical thermodynamic limit using so-called Maxwellian iteration—an
asymptotic procedure which is akin to expansion in powers of relaxation time.
It leads to the recovery of classical constitutive relations for pressure tensor and
heat flux. However, in the case of polyatomic gases the situation is more delicate
because of the fact that relaxation time for dynamic pressure is several orders of
magnitude greater than relaxation times for pressure deviator and heat flux (see
[48]). Therefore, it seems reasonable to partially apply Maxwellian iteration to the
ET14 system (52)-(53), i.e. to apply it to linearized balance laws (54)1 for heat flux
and (54)2 for pressure deviator and reduce them to constitutive relations (13)5,6,
but to retain balance law (54)3. Assuming l22 = 0, almost complete compatibility
is reached with with (13)—there only one extra term in (54)3, ∂iqi, which does not
appear in (13)4.
5.2. Comparison of concepts and procedures. Aim of this Section is to an-
alyze the concepts which stand behind the NET-IV and RET. Since concepts are
closely related to the procedures applied for derivation of equations, they will be
compared as well.
The formalism of NET-IV is based upon the following premises:
(IV-a) The governing equations are standard conservation laws of mass, momen-
tum and energy, with undetermined non-convective fluxes.
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(IV-b) Non-equilibrium effects are included through internal variables, as consti-
tutive elements of the non-equilibrium entropy density, and current multi-
pliers, which are the non-equilibrium counterparts of the entropy flux.
(IV-c) Entropy balance law provides the entropy production rate in bilinear form—
as the sum of products of thermodynamic forces and fluxes. Definiteness of
the entropy production is achieved through linear relations between forces
and fluxes.
(IV-d) Elimination of internal variables and current multipliers yield constitutive
relations for physical variables, e.g. non-convective fluxes. These relations
may have the form of balance laws.
On the other hand, formalism of RET provides different setting:
(ET-a) The governing equations consist of two finite hierarchies of balance laws,
with an increasing tensorial order. They have a nested structure—fluxes in
the equation of order n become densities in the equation of order n+ 1.
(ET-b) The state variables are the densities. Unknown fluxes and source terms are
local functions of state variables.
(ET-c) The closure problem is resolved through the compatibility of balance laws
and the entropy inequality using the method of multipliers.
(ET-d) Compatibility conditions lead to the (approximate) form of non-equilibrium
entropy density and entropy flux, and (approximate) closure for the un-
known fluxes and source terms, which yield the definiteness of the entropy
production rate.
It is clear from the procedures described above that there are two common pillars
on which both approaches stand—standard conservation laws and the entropy bal-
ance law. The differences emerge in strategy chosen to capture the non-equilibrium
phenomena. NET-IV starts with the non-equilibrium entropy density and the en-
tropy flux, which inherit internal variables and current multipliers, and get the
constitutive relations—balance laws—from the entropy production rate. Instead,
RET proceeds in a bit opposite direction: it starts with an extended list of state
variables governed by the appropriate balance laws. By means of compatibility
with entropy balance law, one determines the structure of entropy density and en-
tropy flux, as well as the non-convective fluxes, while residual inequality serves
for determination of the source terms in balance laws. It is, however, interesting
that both approaches in the end provide equivalent entropy densities and entropy
fluxes—compare Eqs. (8) and (15) for Meixner theory, and Eqs. (20), (21) and
(45) for generalized NSF/14 moments equations.
We also compare the conceptual differences in a different way.
(1) Universality. NET-IV is based on general assumptions. Beyond the second
law there was no assumption regarding the structure of the material. The
internal variables and current multipliers are convenient representations of
the deviation from local equilibrium. For example, instead of the multiplier
structure one can use the additive extension of the entropy flux with k
vector, but in that form the simple linear solution of the entropy inequality
is less apparent [20, 22, 10]. On the other hand the assumed hierarchical
structure of the RET governing equations, and their compatibility with
kinetic theory, introduces formal restrictions on the structure of balance
laws for extended set of state variables.
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(2) Balance structure. In case of RET it is inherited from kinetic theory and
due to the balance form of the Boltzmann equation. For NET-IV it is the
consequence of the second law.
(3) Locality. The locality of RET is required from the outset and leads to the
quasi-linear hyperbolic structure of equations. They are compatible with
the moment equations of kinetic theory as well [41, 42, 47]. Then the usual
gradient terms in the constitutive equations emerge by elimination of the
higher moments [54]. In our case the missing Fourier term in eqs. 532 is
remarkable.
(4) Spacetime embedding. In RET it is based on the particular transformation
rules of the balances under Galilean transformations (scalars are invari-
ant, etc.). With this starting point the transformation rules of the par-
ticular physical quantities can be derived [55, 6]. It is remarkable, that
Galilean relativity of fluids, that is a reference frame independent covariant
treatment, leads to the same transformation rules in the special Galilean
or Euclidean transformations. In that treatment the balances are natural
four-divergences [56]. Then the doubled hierarchy is not necessary but gen-
eralisation of the entropy four-vector with internal variables and the role of
current multipliers is not clear.
(5) Second law. The assumption of quadratic entropy density is common in
both theories. RET assumes a more particular entropy flux, as it is required
by the Lagrange multipliers.
(6) Nonlinearity. The apparent nonlinearity of the RET equations is mostly
due to state dependent transport coefficients. The assumed particular non-
linear thermodynamic coefficients can be calculated.
(7) Further extension. It is possible in both theories. However, with further
extensions the differences are seemingly increasing. See e.g. the treatment
of NET-IV with the Nyíri multiplier related to the tensor internal variable.
A complete treatment requires higher order isotropic representations and
the number of coefficients is increasing. It is given in [57].
(8) Experiments. In case of ballistic heat conduction, with a single hierarchical
structure, NET-IV seems to reproduce the data better [8, 9]. However, then
the 14 momentum equations are not applied yet, because phonons can be
hardly polyatomic.
The last point in the comparison of conceptual differences provides also the
strong motivation for further simultaneous analysis of the NET-IV and and RET
approach to polyatomic gases. Namely, there are numerous studies of experimental
character in the literature, showing the non-classical behaviour of rarefied gases.
Sluijter et al. [29, 30] measured the sound absorption at low temperatures (77K
and 90K) and at room temperature also, with different types of molecules. Similar
measurements are made by Rhodes [31], Greenspan [32] and Sette et al. [33]. From
the kinetic theory point of view, these experimental results were investigated in
detail by Arima et al. [35, 36, 37, 39]. The next step is to compare the modelling
capabilities of different theories to each other based upon the measurement data.
Another line of research will be related to a paradigmatic problem in non-
equilibrium processes—the shock structure problem. It was studied in the frame-
work of RET for 14 moments equations [48], for ET6 model [38, 43] and from the
point of view of kinetic theory of gases [44]. There remains an open problem of
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the application of NET-IV approach in this context, which will certainly bring new
insights.
As a summary we want to emphasize that the two theoretical approaches must be
concordant. Second law based approximations are promising and kinetic theory is
should provide a mechanism to obtain universal evolution equations. In this study
we have shown that the compatibility is valid, but there are still several points
of deviations where the relation of the two approaches are not really clear. This
comparative analysis can be helpful in future improvements.
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